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Variational Inference:

frame posterior inference as (deterministic) optimisation problem

Posit: variational family of “simpler” guide distributions

Aim: find guide that is “closest” to (true) posterior
KL divergence
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Reparameterisation Gradient Estimator

argming Es py[f (6, s)]
7

|

expressed in PL with conditionals,
eliminate dependence on 6 may not be differentiable/continuous

estimate: Vg Esp [f(0,s)] = Vg (0,5), where s ~ D

(Unbiasedness) Eoop[Vo £(8,5)] = Vo Esp[f(6,s)]
may be compromised! [Lee et al., NeurlPS 2018]
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Stochastic Gradient Descent is incorrect!
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simply typed A-calculus with R, primitive operations, parameters 6;
+ sample
+ branching

M:=x|Ix.M|MM]|f(M,...,M)| 0
| samplep
| if M < 0then Melse M

9/32



Denotational Value Semantics:

10/32



Denotational Value Semantics: deterministic function from samples to value

10/32



Denotational Value Semantics: deterministic function from samples to value

0 ifs+60<0

f(0,s) = —05-6%+
(0,5) {1 otherwise

10/32



Denotational Value Semantics: deterministic function from samples to value

0 ifs+60<0

f(0,s) = —05-6%+
(0,5) {1 otherwise

M = (As. —0.5- 6% + (if s + 0 < Othen O else 1)) sample
N

10/32



Denotational Value Semantics: deterministic function from samples to value

0 ifs+60<0

[M] (6,s) = f(0,s) = —05-6°+ _
1 otherwise

M = (As. —0.5- 6% + (if s + 0 < Othen O else 1)) sample
N

10/32



Denotational Value Semantics: deterministic function from samples to value

0 ifs+60<0

[M] (6,s) = f(0,s) = —05-6°+ _
1 otherwise

M = (As. —0.5- 6% + (if s + 0 < Othen O else 1)) sample
N

Track samples (and distributions) in type system

10/32



Denotational Value Semantics: deterministic function from samples to value

0 ifs+60<0

[M] (6,s) = f(0,s) = —05-6°+ _
1 otherwise

M = (As. —0.5- 6% + (if s + 0 < Othen O else 1)) sample
N

Track samples (and distributions) in type system

0:R|N]FM:R

10/32



Problem Statement

Given: term-in-context, 01 : R,..., 0 : R |[D1,..., D] M : R

11/32



Problem Statement

Given: term-in-context, 01 : R,..., 0 : R |[D1,..., D] M : R

Find: argming Eg,p,....s,~p, [[M] (0,5)]
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Eouy [exp(s2)] = o0

(Ax.exp (x - x)) sample,,

Simplified assumption:

1. distributions have finite moments Eep[|sP|] < oo

2. primitives are bounded by polynomials

1

In paper: relax assumption, control use of log, exp, ~* via type system
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[if z < Othen Oelse M] (z) = { ° itz <0
[M] (z) otherwise
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[if z < Othen Oelse M] (z) = [z > 0] - [M] (2)

0.8 1
0.6 1
0.4
0.2

14/32
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o
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[if z < 0thenOelse M] (z) = [z > 0] - [M] (2)
[if z < OthenOelse M], (z) = 0y(2) - [M],, (2)

sigmoid function (parameterised by accuracy coefficient > 0)
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Categorical Model?

Smoothness: CCC of Frolicher spaces
[if L < Othen Melse N], := (oo (— [L],)) - [MI, + (o o [L],) - [N],

morphism?

Adapt construction of Frélicher spaces

+ vector space structure for underlying set
+ condition for “curves”

CCC VectFr of Vector Frélicher Spaces

If ¢1,¢2 € VectFr(X,Y) and a € Vect(X,R) then a - ¢1 + ¢ € VectFr(X,Y).
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Or+1 =0k — - Vo [M], (O, sk) sk ~D

gradient estimation
step size

(Unbiasedness) Eswp[Ve [M], (8,s)] = Vo Es.p[[M], (6,5)]

partial derivatives of [M], (6,s) are bounded by polynomial

Correctness of SGD for Smoothing

If M is typable, ® is compact and the step size scheme is “suitable” then

inf E[Vg(6)] =0

where g(0) == Es.p[[M], (6,s)].

exploit Lipschitz smoothness and bounded variance
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How does solving the smoothed problem
help solve the original problem?
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Part |V:

Convergence of Smoothings
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Ensure that guards are not 0 almost everywhere
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if x — x < 0then Melse N X
(Ay,z.if y —z < Othen Melse N) x x X
if 9 < 0then Melse N X

if (sampley, +0) < Othen Melse N v
—_——

transform sample y, by (Ax.x+6)

(Ay,z.if y — z < 0then M else N) sample (transform sample,, by T) v
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guard-safe? dependency on (transformed) samples

Fr-L:REA) T-M:0 THN:o
I-ifL<0thenMelseN : o

r-o:RMEA)

T diffeomorphic

I - transform sample, by 7 : R(* {SJ})
™~ fresh

[ M:REA) N R(EA)
M- N:REAVA)

A1NAy=10

Establish correctness via logical relations
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Uniform Convergence

If M is typable then

Esp[[M], (6,5)] ™ Es-p[[M] (6,5)] asn\,0for 0 c®

For any error tolerance € > 0,
exists accuracy coefficient > 0 s.t. for all 6 € ©

Es[[M] (6,s)] < E[[MT],, (6,s)] + €

In particular for 8" obtained by
SGD with Reparameterisation Gradient (fast!) for 7-smoothing

25/32



Part V:
Empirical Evaluation



Score Estimator
X high variance

Standard Reparameterisation Estimator
X biased

27/32



Score Estimator
X high variance

Standard Reparameterisation Estimator
X biased

[Lee et al., NeurlPS 2018]:

27/32



Score Estimator
X high variance

Standard Reparameterisation Estimator
X biased

[Lee et al., NeurlPS 2018]:

m Fix bias with additional non-trivial boundary terms

X Only discuss efficient method for affine guards

27/32



Score Estimator
X high variance

Standard Reparameterisation Estimator
X biased

[Lee et al., NeurlPS 2018]:

m Fix bias with additional non-trivial boundary terms
X Only discuss efficient method for affine guards
X No discussion of PL aspects

X Only concerned with unbiasedness, not with overall correctness of SGD
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temperature: Variance and Cost

Estimator Cost Variance
Score 1 1

Reparam 1.28 1.48e-08
Smooth (ours) 1.62 3.17e-10
Lyy18 9.12 1.22e-06
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Ongoing Work
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