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“Constrained Horn Clauses provide a suitable
basis for automatic program verification”

— [Bjgrner et al., 2015]
Imperative

» separation of concerns

» good algorithmic properties: semi-decidable, highly efficient
solvers

[Cathcart Burn, Ong & Ramsay; POPL'18]:
extend approach to higher-orders
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let add xy =x+y
let rec iter f s n = if n<= 0 then s

else f n (iter f s (n=1))
in An. assert (n>=1—> (iter add n n > n+n))

* (over-)approximate graph of functions *

vx,y,z.(z:x—|—y—>Add xyz)
W,s,n,x.(n <0As=x— lter fsnx)
vsnx.(n>0A3y. (Iter fs(n—1)y Afnyx)

— lter fsnx)
Vn,x.(n >1Alter Add nnx — x> n+n)
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Is higher-order (Horn) logic modulo theories a
sensible algorithmic approach to verification?

Is it well-founded?
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Contributions

A simple resolution proof system for HoCHC

— Completeness even for standard semantics
— HoCHC is semi-decidable and compact

Semantic invariance
Canonical model property

u
u
m 1-st order translation (complete for standard semantics)
m Decidable fragments

Paper accompanying this talk: [Ong & Wagner, LICS'19]

This talk:

m Resolution proof system and its completeness
m Canonical model property

m Semantic invariance
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Syntactic Features

signatures ¥ C Y’
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=(n>0)V-alter fs(n—1)yV =(fnyx) Vlter fsnx
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signatures ¥ C ¥/ distinct variables

—(z=x+y) VAdd xy

—(n<0) V ~(s=x) Vliter fsn
=(n>0) V-lter fs(n—1)yV =(fnyx) Vliter fsnx
—(n>1) V—lter Add nnxV —(x < n+ n)

m only relational higher-order types

m positive literals are definitional
m no logical symbols in atoms: >§<

m in paper: + \-abstractions
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A: fixed model of the background theory

standard interpretation S of types: full function space

4
S[t] = dom(A) S[o] =B S[r— o] = [S[r] — S[o]]

Structures B, valuations « and denotations B[M](«) as usual

(w.r.t. S[-]!)
eg.  B[M M](e) = B[M](a)(B[M](a))

9/24



HoCHC Satisfiability Problem

A: fixed model (over X) of the background theory
S: set of HOCHCs

Definition (Satisfiability)

S is A-satisfiable if there exists a Y'-structure B s.t.
1. B agrees with A on X (background theory) ,

10/24



HoCHC Satisfiability Problem

A: fixed model (over X) of the background theory
S: set of HOCHCs

Definition (Satisfiability)

S is A-satisfiable if there exists a Y'-structure B s.t.

1. B agrees with A on X (background theory) ,
2. B,a |= C for each C € S and valuation a.
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Proof System

Resoluti -RMV G G'VRx
esolution GV (G,[M/Y])
/ variables iackground atoms
Constraint —x3 MV \/ “ X M VS o1 V-V =@,
Refutation 1
provided that there exists a valuation « such that A, o = o1 A
o0 /\ (pn

(modulo renaming of variables)

XMV —p = —p e
h Ean (+ rule for S-reduction in paper)
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> B
newst. ASHG be captured syntactically by
unfolding definitions

n-th stage of continuous

canonical structure
12/24



1. S is A-continuous-unsatisfiable if S is
A-unsatisfiable

13/24



Continuous Semantics

continuous interpretation C of types:

C[t] = dom(A) C[o] =B C[r — o] = [C[r] = C[o]]
/

continuous function space

14/24



Continuous Semantics

continuous interpretation C of types:

C[t] = dom(A) C[o] =B C[r — o] = [C[r] = C[o]]
/

continuous function space

Definition

A monotone f ;. P —_ Q is continuous if for all directed D C P,

//f (|_| D) - d|a|3 £(d)

directed-complete posets

14/24



Continuous Semantics

continuous interpretation C of types:

C[t] = dom(A) C[o] =B C[r — o] = [C[r] = C[o]]
/

continuous function space

Definition

A monotone f ;. P —_ Q is continuous if for all directed D C P,
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15/24



Theorem
If S is A-continuous-satisfiable then it is A-satisfiable.
Proof sketch. Define adjunctions for each type o:

AN

Clo] .7~ o S[o]

I(B),a = G implies B, Loa = G
—_——— —_———

standard continuous n
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AS = | ] A
ncw

TE(AS) T AS. Hence, AS = D for all definite D € S.

S is A-continuous-unsatisfiable

> AC o [~ G for some G € S, valuation a
> AS a b~ G for some n € w, G € S, valuation «
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soundness
S is A-unsatisfiable | € L is derivable from S
=
completeness H
1. S is A-continuous- 4. Sufficient to unfold at
unsatisfiable leftmost positions of atoms
2. 3G € S and 3. Reason for AS [~ G can
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Canonical Model Property and
Semantic Invariance
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m AC is the least continuous model of S if it is satisfiable
(Kleene's fixed-point theorem)

m The /east model property fails for standard semantics

] Tg is not even monotone

Ll conAS is a model of S if it is A-satisfiable.

Proof sketch. Define a relation 3 on S[o] s.t. 0 2 1 and
BI3IB ANaZd = B[M](a) 3 B[M]()

A‘g,‘jBforaHBEOnandB':S. O
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Conclusion

HoCHC lies at a “sweet spot” in higher-order logic,
semantically robust and useful for algorithmic
verification.
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Conclusion

This talk:

m A simple resolution proof system for HoCHC
— Completeness even for standard semantics

m Canonical model property and semantic invariance of HoCHC

Also in the paper:

m Extension to compact theories
m 1st-order translation (complete for standard semantics)
m Decidable fragments

Future directions:

m Implementation
m Improve robustness on satisfiable instances

Horus (http://mjolnir.cs.ox.ac.uk/horus/)
DefMono (http://mjolnir.cs.ox.ac.uk/dfhochc/)
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n=y)
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|
S

=(n>0) V alter fs(n—1)y V =(fnyx) V lter fsnx =: D;
. —(n>1)V —lter Add nnx V—=(x<n+n) Ds
es.
=(n>1)V =(n>0)V —lter Add n(n—1)y Vv
Dy
—Add nyx V—=(x < n+n)
Res.
=(n>1)V—(n>0)V —lter Add n(n—1)y Vv 5
“(x=n+y) Va(x < n+n) ?
Res.
=(n>1) V =(n>0) V ~(n—1<0)V
“(n=y)Valx=n+y)Va(x<n+n)
Const. Ref.
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